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Maxwellian as an equilibrium state
The Maxwell-Boltzmann distribution:

_m_
2nkT

where the particle mass m, the Boltzmann constant k, and the
thermodynamic temperature T.
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Maxwell-Boltzmann Molecular Speed Distribution for Noble Gases
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Non-isothermal boundary and the Non-equilibrium state

» Local Maxwellian=Equilibrium

p v —uf?
M, 7=—" _
puT = (orT)32 &P ( 2T >

> A generic non-equilibrium state can be obtained with a
non-constant wall temperature.

v

The Boltzmann equation
v-VyF =Q(F,F)
with the diffuse boundary condition

27
Flo =\ F-Mior, | Flxu(n()- u)du

v

If T, is constant then F = M T,,.

But the Boltzmann solution F cannot be a local Maxwellian if
T, is not constant!

v
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Hydrodynamic limit

» Relation between F and M, , T where p, u, T solve some fluid
equation such as Navier-Stokes-Fourier system.

» Mean free path A is the scale of the average time that
particles in the equilibrium spend traveling freely between two
collisions.

» speed of sound (thermal speed) ¢ = 1/%% where k the

Boltzmann constant, m the molecular mass, the macroscopic
reference temperature Ty.

» Dimensionless form of the Boltzmann equation

1

Knudsen number Kn = % and Strouhal number St = C’—(t’o



Dimensionless Form and Scalings
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Dimensionless Form and Scalings

_ 1
St(()tF;—‘rV . VXF<E = ﬂQ(Fa, FE),

ug Ma

€ =pu+Mafey/u; Ma:=—=9m), Re~ —
Fe=np af®\/u; a - d(e™), Re K
where ;1 = My 01 and ug is the bulk velocity of the fluid.

St=¢°, Kn=¢q.

» g=1, m=0, s=0: Compressible Euler (F¢ — F)

» g=1, m=1, s=1: Incompressible Navier-Stokes-Fourier

1
20 F 4v - ViF® = EQ(F‘E,F‘E), F¢ =pu+ef°®

» g=1, m>1 s=1: Stokes-Fourier

» g>1 m=1 s=1: Incompressible Euler-Fourier
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Main theorems: Rough version
Wall temperature: T,, =1+ €6, External field: ¢

o1
V-V FEred U F = ZQ(FF, Ff),

€
2

Fly. =4/ 7T/Wl,o,Tw/ F(x,u){n- u}du
TW n-u>0

Assume 6,, and ® are small (in Hz(9S) and L2(%)). Then we
construct a unique solution F¢ = u +¢ef®,/u > 0 for ¢ < 1 with
[f fe\/ = 0. The family {f¢} is weakly compact in L? and any
limit function f equals

V23
F={p+uv+0=)a

where p, u, 0 satisfy the Boussinesq relation and the incompressible
Navier-Stokes Fourier system with the Dirichlet boundary condition
(u=0, 6 =0, on 09).
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Further results

> Fe=p+efy/n+ 0(£%/2) for more regular 6,, and ®

Moreover F¢ is asymptotically stable and the same
hydrodynamic limit works for the unsteady problem

For large initial data, if p, u, 6 solves NSF in t € [0, T] then
for ¢ < &(T) the hydrodynamic holds in t € [0, T].

The Boussinesq relation

v

v

v

> Incompressible NSF

u-Vyu+Vyp=0A,ut+®, Vy-u=0 in £
u-Vyx =rA0 in Q,
u(x) =0, 6(x)=0k(x) on 0RQ.
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Equation of ¢

» Expand Q(u + f°\/t, u + f°\/1x), a linear operator

Lf = _;ﬁ{o(u, JiF) + QUi )},

and the nonlinear collision operator

f
>
Null L = { Vi, vy, [vI* 3\/ﬁ}.
> the projection onto Null L:
v[* -3

Pf = a(f) /i + b(F) - v/ + c(F) s —

> semi-positivity

/ fLfdv 2 ||(1 = P)f|| 2
R3 Y

N



Simplified problem of f¢

> Ignore ® and the other small terms:
Vv Vif +e 1L =T(f, ) + (1 — P)A, (1)

where A= O(1).

» Ignore 0, and set the boundary condition as
flo = Pyf (2)

where

P f = cu\/1t fy/p{n-uldu.

n-u>0
> total mass constraint [[ f/u =0



Simplified problem of f¢

> Ignore ® and the other small terms:
-1 2y _ _—1 -1
eV -Vuf +e°Lf = T(f,f)+e (1 - P)A,

where A= O(1).
> Ignore the boundary condition and set

Q="T3.

» total mass, momentum, energy constraints

v|2 =3
o= [ evi= [ = [ M
T3 xR3 T3 xR3 T3 xR3



Basic estimates

Ly Vi f 4 e 2Lf =T M(F, f) + (1 - P)A.

> Semi-positivity [gs fLfdv 2 [[(1 = P)f| ;2
> Integration by parts, from P =0

2Py, < <t [ Ir 0Py

1//|” (1—-P)f]|.

By Holder

() S IT(F, OIIZ + o(L)e 21 (1 = P2,
(1) S (0= P)AIL + o(1)e™2[|(1 = P)FIIZ..



We need higher integrability of Pf

2|1 = PYf|% S [IT(F, )% + O(1)

e ?(1=P)fIIZ. < IIFPIZ + O(1)

v

f=P+(1-P)f
2
F11Z2 = [[IF110 =PIl + [IPFP21 22
———
m ()

2 _
111 = PYFI[[ 12 < 2 FlIZe2[1(1 = PYFIIZ.. 1f £llflloc ~ o(1)
then (1) is fine.
We need [||Pf[[|, = [[PF]|{, < 1!

v

v

v
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Average lemma: Golse-Lions-Perthame-Sentis (1988)

v

Recall Pf: the L2-projection onto the null space pf L
Pf ~ [ f¢(v)dv where ¢ is almost like C°

Average lemma: If

H/f¢dv

DiPerna—Lions (Ann. Math. 1989), Golse-Saint-Raymond
(Invent. Math. 2004)

Sobolev embedding in 3D: HY/2 c [3. Not enough!

v

v

v-Vyf=g

then

a2 S Iz + gl

v



Proof of the Average Lemma

By Fourier transform in x,

Fev) = g, v)

i(v-€)

With a > 0,

[ Fe ot < [ gzt [T

If |v- €| < o then (1 $(v)2dv)'? < al/2|¢[~1/2. Then

v e <y

_ 2 /
[t s aie( [ 177)

For |v-&| > a, from (3), [1},.¢>4 is bounded as

2
(/v§|2>1/2</‘/1v‘5 §|£1|2 |\‘jb( )\’2>1/2

1/2 1 dt % 1/2 1
< ([ 1er) |£\/2 (L)




Proof of the Average Lemma

We choose

a= </‘,’g|2>l/z/</‘/\f!2)1/2
/R3 F(e, v)¢(v)dv‘ < \{]11/2</vm2>1/4(/v\§2)1/4

Jier [ #epe

Then

and

1/2 1/2
S Hf”Lé ”g||,_£ .

L2



New L% estimate of Pf

v-Vif=g in T3xR?
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New L% estimate of Pf

v-Vif=g in T3xR?

and [ £(1, v, XE=3) /zidvdx = 0 then

IPflle S (M= P)Fllee + llgll -

» Remark: The proof is based on the test function method in
Esposito-Guo-K-Marra (2013)



Proof of new L% bound

> Set the test function 9 (x)@(v). Then by the integration by

parts
T Tt = [ 0000

> f=Pf+(I1—P)fand Pf={a+v-b+c =2} /m

[[ta+v-o+ 2 s vt

~ [Ja=rirotv- vt + [ gvo




Why L6

» In Esposito-Guo-K-Marra (2013)

(IVI? = Ba){v - Vi (A )‘13,

(v7 = Bo)V/R0j(—An) " tb;,
vivjlv P \/di(—An) M bi, i #
(Iv]* = Be)vmv - Vi(—An) e

we have

P s [ 10 Piepr+ ] el [To-an)tPr]

2 gain one derivative




v

v

v

We set 1ha(x) = Vi(—A)H(aP ™ — oy [ps @71 with the

same choice of ¢(v)

fof
Jf1a-

aPle Lp%l Vi(=A)

p—1
Xi
T s

P)fllal+ [f v~

—1.p-1 1,20 o2
a € W>r-1 C L2-3 in 3D

We want 5= = 2 and hence p = 6.
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LP — L™ bootstrap argument

v Vif + e tLF = T(f,f)

v

Lf ~f — f\u|§N f(u)du
v Vef+elf =¢t f|u|§N f(u)du+T(f,f)

v

» Along the trajectory
d, _is
E(e = f(x—(t—s)v,v))

t—s

_ et {5—1/|U<N Fx = (t = 5)v,0) + T(F, ) (x — (£ = 5)v, )}

e~

t t—s
f(x,v):e_sf(x—tv,v)—l—/ / f(x—(t—s)v,u).
0 € lu|<N




LP

— L*° bootstrap argument

> lterate once again
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LP — L™ bootstrap argument

> lterate once again

t—s s—s’
£

t — s—o(1l)e -
f(x,v) N/ ds® / du/ as's
0 € lul<N 0 €

></ du'f(x — (t—s)v— (s —§')u, )
|lw'|<N

» u— X=x—(t—s)v—(s—s')uand duggiddX in RY

> [flloo S 275 1 Fllora xray
» Recall that ||Pf]|;s + 7 Y|(1 — P)f||;2 < 1. Therefore, for
d=3

1 1 _
IFlle S 57510 = Pz + 75 IPFlLe S &2/



Specular BC

» Shizuta-Asano (1977): specular BC in smooth convex
domains without a proof

» Guo (2010): the first proof under the strong condition of the
(real) analyticity of 02 based on the LP — L* bootstrap
argument

» K-Lee (2016): complete proof



Close the estimates

» Collecting all the estimates,

fle S 1
IPflle < IV =P)Flles + IT(F, F)ll2
e (=Pl < IT(F. )2+ O(1)
IF(F Al S Y221 lloce™ (1 = P)Fl| 2 + [[PFI| o

> 10 = P)Fllis S [0 = PSS 1



Thank you!



