
A Succinct Statement on Research: Chanwoo Kim

Chanwoo Kim’s research focuses on developing new methods to study applied partial differential
equations (PDEs), and, in particular, problems concerning properties of solutions of Boltzmann
equation and fluid free boundary problems.

The Boltzmann equation is the foundation of the kinetic theory, which is an integro-differential
equation for density distribution of particles on the phase space. The object of Boltzmann equa-
tion is any system made up of a large number of particles such as gas, plasma, microfluidics and
polymers. In many physical applications the particles contact the boundary, and its interaction
with the boundary plays a crucial role in the global dynamics. In [1] (a part of his thesis) Kim
demonstrated a drastic effect of boundary by proving formation of singularity of solutions of
Boltzmann equation when the domain is general non-convex with diffusive boundary condition (cf.
[31, 35, 24]). This result marks the first complete characterization of continuity and discontinuity
properties of solutions in non-convex domains, which has been attracting a lot of attentions in
the kinetic community. Currently together with Donghyun Lee (his former postdoc, current Assis-
tant professor at Postech) Kim is working on reflection and propagation of some singularities with
various boundary conditions.

Kim’s work on the singularity opened an important question on regularity, namely quantitative
estimates of derivatives in terms of initial data or boundary condition. In a joint work [7] with
Guo, Trescases, and Tonon, Kim proved an optimal regularity, namely any first order derivatives of
such solutions is a finite Radon measure (so-called BV space) when a domain is general non-convex
for the first time. With the same collaborators, in [5], Kim proved that in convex domains the first
order derivatives are continuous away from a grazing set, where a particle hits the boundary with
tangential velocity, for the first time. This work [5] can be considered as an important advance in
the study of Boltzmann theory in recent.

An important and active research direction in kinetic equations is constructing global solutions
and studying its long time behavior (so-called H-theorem). Even for a very natural specular
reflection boundary condition (a particle hits the boundary and bounces back like a billiard), it
had been an outstanding open problem since an announcement of [47] without full justification in
1977. Together with Donghyun Lee, in [2], Kim constructed the first unique global-in-time solution
and proved asymptotical stability of the Boltzmann equation near equilibria in smooth convex
domains. Thereby Kim completely settled the classical long-standing (40 years) open question of
the kinetic community in the affirmative. They further extended the result to the cylindrical non-
convex domains in [9]. With collaborators, Kim is now working on the case of general non-convex
domains.

When the dilute gas is contained in bounded domains with a non-constant wall temperature,
steady Boltzmann equation determines the non-equilibrium steady state and its stability anal-
ysis marks a drastic departure from relative entropy approach [24, 34]. Together with Esposito,
Guo, and Marra, Kim constructed steady solutions and proved its asymptotical stability for the
first time in [6]. They also discovered a necessary condition of the Fourier law and disproved it by
an available numerical evidence. With Hongxu Chen (current Kim’s Ph.D student), Kim is working
on regularity estimate of stationary Boltzmann equation.

A significant and active research direction in mathematical physics/PDE is connecting the
Boltzmann equation to other systems that arise in formal limits, such as the Euler equations, the
Navier-Stokes equations, etc. Although such hydrodynamic limit in dynamic problems has been
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relatively well understood, the passage from solutions of steady Boltzmann equation (therefore non-
equilibrium steady state) to steady fluid equations in 3D had been a long standing open problem.
With Esposito, Guo, and Marra, in [4], Kim established a connection between the Boltzmann
equation and the incompressible Navier-Stokes-Fourier system for both stationary problem and
dynamic problem. In [4], they found a new L6 integrability gain of fluid part which represents a
surprisingly significant gain in integrability of velocity mixing compared to the classical result.

When particles are charged (e.g. plasma) they interact through not only collisions but also the
Lorentz force generated by charge particles. Master equations for this situation are Boltzmann-
type equation coupled with Maxwell system or simpler Poisson equation. Mathematical theory
of boundary problems of such coupled system is not developed satisfactorily mainly due to the
intrinsic singularity of solutions. Together with Yunbai Cao (current Ph.D student) and Lee, in [3],
Kim constructed the first unique global-in-time solution of Vlasov-Poisson-Boltzmann system
in smooth convex domains and proved its convergence toward equilibria. This work opens a new
direction of study and extension to the two-species problem and higher regularity estimate had
been successfully completed by Yunbai Cao in [13, 14].

The free interface problems between two fluids arise naturally in many applications in fluid
mechanics. From a mathematical viewpoint, these type of free boundary problems are challenging
due to strong coupling between the PDE in the bulk and the surface motion of unknown boundary.
Together with Tice and Wang, in [15], Kim constructed a unique global solution of the free boundary
problem for two distinct, immiscible, viscous, incompressible fluids with gravitation and without
surface tension and proved its asymptotic stability. They established a novel elliptic estimate for a
stationary two-phase Stokes problem as a crucial part of the proof. Kim also considered a viscous,
incompressible fluid evolving under the air and some material (surfactant) flows on the surface.
This surfactant convects along the fluid on the surface and diffusing on the surface as well while
the density of surfactant affects on the surface tension. With Tice, in [12], Kim discovered a new
energy structure of surfactant density which leads a construction of global solutions and its stability.
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Statement on Research: Chanwoo Kim

Chanwoo Kim’s research focuses on developing new methods to study applied partial differen-
tial equations (PDEs), and, in particular, problems concerning properties of solutions of kinetic
equations and fluid free boundary problems.

1 Boltzmann equation

The Boltzmann equation is the foundation of the kinetic theory for dilute collections of gas particles,
which undergo elastic binary collisions. This integro-differential equation is given as

St∂tF + v · ∇xF + F · ∇vF =
1

Kn
Q(F, F ), (1)

where F (t, x, v) ≥ 0 is a density distribution of particles on the phase space at time t, position
x ∈ Ω ⊂ R3, and velocity v ∈ R3. Here, St denotes the kinetic Strouhal number, and Kn is the
Knudsen number which is the ratio between the mean free path and the observation length scale.
The collision between particles is described by a quadratic integral operator

Q(F, F )(v) = Qgain(F, F )−Qloss(F, F ) =

∫
R3

∫
S2
|(v − u) · ω|{F (u′)F (v′)− F (u)F (v)}dωdu, (2)

where the post-collisional velocities v′ = v−[(v−u)·ω]ω, u′ = u+[(v−u)·ω]ω. This operator enjoys

collisional invariants
∫
R3 Q(f, f) =

∫
R3 viQ(f, f) =

∫
R3
|v|2−3

2 Q(f, f) = 0, and
∫
v Q(f, f) ln f ≤

0. Formally, these imply mass, momentum, energy conservation, and the famous Boltzmann’s
H−theorem (time irreversibility, entropy inequality ). We denote a global Maxwellian, which solves
Q(µ, µ) = 0, as

µ(v) =
1

(2π)3/2
exp

(
−|v|

2

2

)
. (3)

An external force acting on the particles is denoted by F. When the particles are charged (e.g.,
electrons or ions) the system is described by the Vlasov-Maxwell-Boltzmann system (abbr. VMB),
which is given by (1) with

F = E + c−1v ×B (the Lorentz force). (4)

The electromagnetic field (E,B) solves the Maxwell equation. A simpler model, formally obtained
by the speed of light c→∞, is so-called the Vlasov-Poisson-Boltzmann system (abbr. VPB), where
an electrostatic field is determined by a mass ρ :=

∫
Fdv as

F = E = ∇φ ∼ ∇x∆−1ρ. (5)

In many physical applications (tokamak fusion reactor in lab, or natural fusion reactor such
as sun), the gas particles contact the boundary, and its interaction with the boundary plays a
crucial role in the global dynamics. A kinetic boundary condition sets a relation between incoming
particles on γ− := {(x, v) ∈ ∂Ω × R3 : n(x) · v < 0}, and the outgoing particles on {n(x) · v > 0},
where n(x) denotes the outward normal at x ∈ ∂Ω. Ideally the particles bounce off the boundary
like a billiard, which corresponds to specular reflection boundary condition (abbr. specular BC)

F (t, x, v)|γ− = F (t, x,Rxv), Rxv = v − 2(n(x) · v)n(x). (6)
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Another physical boundary condition is the diffuse reflection boundary condition (abbr. diffuse
BC)

F (t, x, v)|γ− = Mw(x, v)

∫
n(x)·u>0

F (t, x, u){n(x) · u}du, (7)

where Mw = 1
2π[θw(x)]2

exp
[
− |v|2

2θw(x)

]
is a thermodynamical equilibrium of the wall temperature

θw. In this model, particles are absorbed on the boundary (within an infinitesimal time) and then
re-emitted randomly according to the distribution Mw.

Due to its importance in the mathematical theory and application, there have been explosive
research activities in analytic study of the Boltzmann equation [24, 25, 49, 50]. For example, the
nonlinear energy method has led to solutions of many open problems [31, 35] including global strong
solution of Boltzmann equation coupled with either the Poisson equation or the Maxwell system
for electromagnetism when the initial data are close to the Maxwellian µ. However their results
deal with periodic domains, in which the solutions can remain smooth. In general, such higher
regularity may not be expected in the physical bounded domains.

1.1 Singularity formation

The key difficulty of boundary problem of Boltzmann equation originates from the fact that the
phase boundary ∂Ω×R3 is characteristic but not uniformly characteristic at the grazing set {(x, v) ∈
∂Ω× R3 : n(x) · v = 0}.

Singularity formation in non-convex domain: In [1], Kim has shown the formation of sin-
gularity (discontinuity) when the domain is general non-convex. For the diffuse BC, Kim constructs
a continuous initial datum whose local-in-time solution is discontinuity at the non-convex point of
the boundary. After such formation of discontinuity, Kim proves that the singularity propagates
along the characteristics and decays exponentially in time. He also proves that the Boltzmann
solution is continuous away from rays emanating from non-convex boundaries. The key ingredient
of the proof is a special regularizing effect of Qgain(F, F ). Kim has proved that Qgain(F, F ) is
continuous in both x and v, whenever F is bounded and continuous away from rays emanating
from the non-convex boundaries but contains discontinuity on the rays. This result marks the
first complete characterization of continuity and singularity properties of Boltzmann solutions in
non-convex domains with diffuse BC, which has been attracting a lot of attentions in the kinetic
community [18].

Regularity estimates in general non-convex domains: Since the solutions are singular
in codimension 1 subset of the phase space as shown in [1] the best possible regularity of such
solution is BV. In [7], Kim, together with collaborators, proves the optimal BV-regularity of the
Boltzmann solution in general non-convex domains with diffuse BC. The key ingredient of the proof
is constructing a delicate cut-off function χδ whose W 1,1-norm is uniformly bounded and its support
contains the closure of the grazing set with a distance of order δ. With this cut-off function, they
obtains a uniform-in-δ W 1,1-estimate for the approximation problems. Then they establishs a new
L1-trace estimate to control the incoming boundary integration by the bulk integration plus the
outgoing boundary integration but with a small constant. This result marks the first regularity
estimate of Boltzmann equation in non-convex domains.

Formation and Reflection of Singularity past convex obstacles: In [10] (work in
progress), Kim, together with a collaborator, is working on Hölder regularity estimate of Boltzmann

2



in the exterior domain of a convex body with specular BC. They observes that the specular char-

acteristics is C
0,1/2
x,v -regular past convex obstacles. In their proof of C0,β

x,v -regularity for β < 1
2 , they

develop a new direct estimate of the macroscopic quantity. For the sake of simplicity let f = F/
√
µ

and Lf =
∫

k(v, u)f(u)du with k ≥ 0 and F = 0 = Γ in (1). Then C0,β-Hölder semi-norm of f(t)
is bounded mainly by∫ t

0

|(X(s), V (s))− (X̄(s), V̄ (s))|2β

|(x, v)− (x̄, v̄)|β

∫
k(V (s), u)

|f(s,X(s), u)− f(s, X̄(s), u)|
|X(s)− X̄(s)|2β

duds, (8)

where the specular characteristics (X(0), V (0)) = (X(0; t, x, v), V (0; t, x, v)) and (X̄(0), V̄ (0)) =
(X(0; t, x̄, v̄), V (0; t, x̄, v̄)). The first term is bounded since the specular characteristics belongs to

C
0,1/2
x,v . They bound the second term by proving

∫
k(v′, v)f(t, x, u)dv ∈ C0,2β

x . For this they expand
it along the characteristics again and find a bound∫ t

0

∫
v
k(v′, v)

|X(s)− X̄(s)|2β

|x− x̄|2β

∫
u

k(v, u)
|f(s,X(s), u)− f(s, X̄(s), u)|

|X(s)− X̄(s)|2β
dudvds. (9)

They compute ∇xX and observe that the first v-integration is bounded as along as β < 1/2. This

allows them to close the estimate of
∫

k(v′, v)f(t, x, u)dv in C0,2β
x .

In the same on-going paper, [10] Kim constructs C1 (actually even more smooth) initial datum

whose unique local-in-time solution does not belong to in C
0,1/2+
x,v immediately. They rely on a

subtle contradiction argument. The key observation is that (8) is indeed bounded above by the
C0,β semi-norm of f(t). For the same reason the term (8) with ∂tf replacing f is bounded by

[∂tf(t)]C0,β . Since the characteristics is C
0,1/2
x,v the first integrand of (8) is always bounded for any

β. By expanding in time, the second integration(-in-u) of (8) relates to an initial datum as∫
u

k(V (s), u)
|f0(X(s), u)− f0(X̄(s), u)|

|X(s)− X̄(s)|2β
+O(s) sup

t
[∂tf(t)]C0,β for β =

1

2
+ . (10)

Then they carefully construct an initial datum f0, for any boundary point x0, satisfying∫
|u|.1

|f0(x, u)− f0(x̄, u)|
|x− x̄|1+

=∞ for all x, x̄ ∼ x0, (11)

and the compatibility condition at the same time. It is possible to satisfy these two conditions since
the compatibility condition only involves first order derivatives. Finally they choose s, t, x, v, x̄, v̄
such that X(s) = X(s; t, x, v) and X̄(s) = X(s; t, x̄, v̄) are close to x0. From their construction

(11), the first term of (10) blows up which leads a blow-up of f(t) in C
0,1/2+
x,v via (8). They are also

working on the reflection of such singularity at the boundary.
A successful completion of [10] would mark the first and optimal Hölder regularity result of

Boltzmann equation in non-convex domains. Reflection of singularity would be interesting result in
a physical viewpoint. More importantly the direct approach of estimating a macroscopic quantities
will be the crucial tool to study self-consistent field in non-convex domains.

1.2 Regularity estimate in Convex domains

The continuity and discontinuity proof in [1] opens the further investigation of regularity of the
solutions. One of very important open problems in boundary problems of Boltzmann theory was
quantitative estimates of derivatives in terms of initial data.
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The key difficulty of the regularity estimate in the boundary problems besides characteristic
boundary stems from the fact is that Q(F, F ) is nonlocal. Solutions cannot be localized around
the boundary but may be influenced globally in x and v. For that an inevitable singularity of the
spatial normal derivative at the boundary x ∈ ∂Ω stands as

∂nF (t, x, v) ∼ Q(F, F )

n(x) · v
/∈ L1

loc. (12)

In [5] together with collaborators, Kim established the first Sobolev regularity estimates of
Boltzmann solutions in convex domains with specular BC (6) and diffuse BC (7). In order to
control such boundary singularity (12), they employ the weight function, a distance toward the
grazing set γ0,

e−L〈v〉tα(x, v) := e−L〈v〉t
√
|v · ∇ξ(x)|2 − 2{v · ∇2ξ(x) · v}ξ(x). (13)

Here ξ : R3 → R is smooth and convex (
∑

i,j ∂i∂jξηiηj & |η|2), and ξ defines the domain as

Ω = {ξ(x) < 0}. The strong decay factor e−L〈v〉t is introduced to control the |v|−growth from
v · ∇xα ∼ |v|α. They have shown the weighted C1-regularity of Boltzmann solutions away from
the grazing set for both boundary condition (6) and (7). On the other hand, they have constructed
counter-examples to show W 2,p-estimates seems impossible for both boundary conditions for any
p ≥ 1. For the diffuse BC, they also established W 1,p−estimate with the weight for 2 ≤ p <∞ and
without the weight for 1 < p < 2.

For the diffuse BC, they use the flattening transformation T and take the tangential-in-x deriva-
tives at the boundary to obtain

∇xτ f(t, x, v) ∼
∫
n(x)·u>0

{
|∇xτ f(t, x, u)|+ |∇vf(t, x, u)|

∣∣ ∂T
∂xτ
T (s)

}
{n(x) · u}du. (14)

The normal-in-x derivative can be only controlled by the equation

∂xnf(t, x, v)|γ− ∼
1

n(x) · v
{
|∂tf |+ |vτ ||∇xτ f |+ |Lf + Γ(f, f)|

}
, (15)

where the RHS of (15) is further bounded by the boundary integration of derivatives with an extra
factor n · u as (14). Note that n · u = α at the boundary. This extra factor compensates for the

singularity from (15) and the they were able to show αβ∇f ∈ Lp where β ∼ p−3/2
p for p ≥ 2 and

β = 0 for 1 < p < 2 via Green’s identity (Eulerian view point).
Definitely, such approach fails for W 1,∞ estimate in the cases of both diffuse BC and specular

BC due to the fact α−1 /∈ L1
loc. In order to use the full strength of the transport operator, Kim and

collaborators use Lagrangian view point. Differentiating the Duhamel form directly, they derive

|∇f(t, x, v)| .
∫ t

0
|∇X(s; t, x, v)|

∫
u:bounded

|∇xf(s,X(s; t, x, v), u)|+ · · · . (16)

The major difficulty stems from the singularity of |∇X| and |∇V | where [X,V ] denotes the gen-
eralized characteristics in the case of specular BC. Multiplying αB to (16) with suitable power B
(B should be determined according to the singular order or |∇Xcl|, |∇Vcl|), the key is to show

[eL〈v〉tα(x, v)]B ×
∫ t

0

∫
u

|∇X(s;t,x,v)|
[eL〈u〉sα(X(s;t,x,v),u)]B

<∞.
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The first key ingredient of the proof is the crucial dynamical non-local to local estimate: For
1 < B < 3, roughly ∫ t

0

∫
u:bounded

e−L〈v〉(t−s)

[α(X(s; t, x, v), u)]B
. O(

1

L
)

1

[α(x, v)]B−1
. (17)

Due to this crucial result, they are able to recover the local information α(x, v) even after the
nonlocal integration (disturbance). Moreover, there are a gain of α order of singularity and the
extraction of a small constant for L � 1, which are crucial in their analysis. The first part of the
proof is to bound the u−integration by 1

|v|2B−1|ξ(X(s))|B−1/2 via several change of variables. The

second part is to relate 1
ξ(X(s)) back to 1

α(X(s),v) . This part is achieved through a crucial use of the

time integration dt ∼ dξ
|v·∇ξ| and the geometric Velocity lemma.

In order to close the estimate (16), they establishes the estimates of [∂X(s), ∂V (s)] for all
boundary conditions. For the diffuse BC (7), due to the additional factor n · v in the boundary in-
tegration of (7), differentiation and boundary integration are more or less commutative. Therefore,
there is no raising of singularity powers so they can close the estimate. For the specular BC (6),
they establish a following crucial estimates:

|∂xX(s)| . eC|v||t−s|

α(x, v)
, |∂vX(s)| . eC|v||t−s|, |∂xV (s)| . eC|v||t−s|

α(x, v)2
, |∂xV (s)| . eC|v||t−s|

α(x, v)
. (18)

The estimate ∂xX(s) ∼ 1
α is unexpected. Even after one bounce ∂xX(s) behaves as 1

α . Hence due
to accumulation of the number of bounces, ∂xX(s) is expected to pick up additional 1

α . However,
when the domain is 2D disk, they observed such an unexpected bound via direct computation
and delicate cancelations. It is important to point out that with α−gain in (17), such estimate
∂xX(s) ∼ 1

α cannot be good enough. In the proof, they design a ‘continuously changing’ charts
with respect to each bounce (x`, v`). With such moving charts, they represents [∂X(s), ∂V (s)]
as a multiplication of Jacobian matrices (t`, x`, v`) 7→ (t`+1, x`+1, v`+1) via the chain rule. They
uses a crucial cancellation in the submatrix of the normal velocity, series of diagonalizations, and
the velocity lemma to conclude the estimate for the normal component of [∂X(s), ∂V (s)] (matrix
method). Unlike the normal velocity, the tangential components of [X(s), V (s)] behave continuously.
Therefore they are able to derive integral equations of the tangential components with forcing terms.
This forcing terms are controlled by the estimates obtained from the matrix method. Finally, they
use an ODE argument (Gronwall) to refine the tangential components of [∂X(s), ∂V (s)] (ODE
method), and they conclude the final estimate. In conclusion, from (18) and the non-local to local
estimate (17), they are able to close (16) for the specular reflection (6).

This work [5] marks the first result to an important open problem on the regularity of the
Boltzmann theory for general convex domains. The application of the regularity estimate are
presented in Section 1.4. Vlasov-Poisson-Boltzmann system and Section 1.5. Steady Solution.

1.3 Global solution with Specular reflection and Decay

An important and active research direction in kinetic equations is constructing global solutions and
proving its convergence toward equilibria µ. In a landmark paper [48] in 1974, Ukai constructed
the first global solutions near Maxwellians to the Boltzmann equation with non-trivial spatial
dependence in a periodic box. This result opens research topics on transport effects in the collision

5



process in the Boltzmann theory, which are still active today. Not long after, in [47] the authors
announced the construction of global solutions near Maxwellians in a convex domain with specular
BC. At the time, this result seemed such a reasonable and natural extension of Ukai’s result, few
people doubted its validity. Unfortunately, even today, a complete of proof of [47] is still elusive.
Over the past four decades there had been no progress in solving this open question [47] until a
recent work [29] with a novel L2-L∞ framework. In perturbative setting, for F = µ +

√
µf , the

Boltzmann equation can be rewritten as

∂tf + v · ∇xf + Lf = Γ(f, f), (19)

where L = −1√
µ [Q(µ,

√
µf) +Q(

√
µf, µ)] is the standard linearized Boltzmann operator, and Γ(f, f)

is the quadratic nonlinear operator. Importantly, L is non-negative but degenerate:

〈Lf, f〉L2
v
& ||{I−P}f ||2L2

v
, where Pf = {af (x, v) + v · bf (x, v) +

|v|2 − 3

2
cf (x, v)}√µ, (20)

where the “fluid part” Pf is the L2
v−projection to the null space of L.

A key feature of L2-L∞ framewor is to control L∞ of solutions without taking derivative (note
that solutions are singular in bounded domains [1]). The scheme consists of two parts; obtaining
a full dissipation from degenerate one (20) and then bootstraping an L∞-pointwise bound from
L2-bound directly along the bouncing billiard trajectories, provided a following crucial condition
holds

det

{
∂X(s; s1, X(s1; t, x, v), v′)

∂v′

}
6= 0, (21)

where X(s; t, x, v) denotes for the billiard trajectory. Unfortunately, this condition (21) is extremely
difficult to verify for a generic billiard trajectory for smooth convex domain, and global solutions
are constructed only for analytic convex domain in [29].

Boltzmann with Specular BC in Convex domains: In [2] together with Donghyun Lee
(Assistant Professor at Postech, former postdoc of Kim), Kim constructs a unique global-in-time
solution and proves asymptotical stability of the Boltzmann equation near Maxwellians for the
specular BC in smooth convex domains without the analyticity condition. Thereby, in [2], Kim
completely settles the classical long-standing (40 years) open question in the kinetic community in
the affirmative! In fact, main result even goes beyond the original open question in [47]; general
given external fields can be allowed. Their proof is achieved via a new L2-L∞ framework via triple
iterations. They expand solutions of (19) along the characteristics three times and find that f is
controlled mainly by∫ t

0
e−(t−s)

∫ s

0
e−(s−s′)

∫ s′−ε

0
e−(s′−s′′)

∫∫∫
|u|≤N,|u′|≤N,|u′′|≤N

× |f(s′′, X(s′′; s′, X(s′; s,X(s; t, x, v), u), u′), u′′)|du′′du′duds′′ds′ds.

(22)

In [2], Kim proves the following novel geometric lemma: Let u = (|u|, û1, û2) and u′ = (|u′|, û′1, û′2)
be the spherical coordinate with specially chosen axes. Then there exist locally two distinct variables
{ζ1, ζ2} among {|u′|, û1, û

′
1, û
′
2} such that

∣∣∣ det

(
∂X(s′′; s′, X(s′; s,X(s; t, x, v), u), u′)

∂(|u|, ζ1, ζ2)

) ∣∣∣ has a positive lower bound for a.e. s′, s′′. (23)
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The key of their success is to study the billiard curves in a new and efficient manner. The first
ingredient is to reduce condition (23) to the study of a sub-Jacobian matrix of billiard curve. This
reduction is carried out via very careful transformations and estimates along a billiard curve. Even
with such a reduction, however, it is clear the original condition (21) may not be valid. The second
ingredient is to realize that it is sufficient to establish a weaker condition (23) for the study of
the reduced sub-Jacobian matrix, by introducing more free parameters via new iteration schemes.
The convexity of the domain is crucially used to control the number of bounces and exclude the
characteristics fails to remain differentiable except a small set. Away from such set they can apply
the (smooth) change of variables with the lower bound of (23) for all (at most finitely many)
bounces. As a consequence they derive a bound of (22) as

# of bounces ×
∫ t

0
e−(t−s)‖f(s)‖L2

x,v
ds+ o(1)× ‖e−(t−s)f(s)‖L∞ . (24)

Finally they use a full L2-control and conclude a pointwise estimate.

Boltzmann with Specular BC in Non-Convex domains: After [2], constructing global
solutions of the Boltzmann equation in non-convex domains remains an outstanding question. As
the first step toward the non-convex domains, Kim and Lee considers cylindrical domains whose
cross section is analytic non-convex 2D domain in [9]. They construct a global solution and prove
its asymptotical stability, heavily using the analyticity of the boundary and planar feature of
characteristics in [9]. They are now working on the problem in torus-type domains aiming to study
fully general non-convex domains in the future.

1.4 Vlasov-Poisson-Boltzmann system

Despite its importance, mathematical theory on boundary problems of VMB and VPB is not
developed satisfactorily, in the theory of strong solution especially. (cf. renormalized solutions of
VPB were construced in [41]) A fundamental difficulty of the problem stems from the intrinsic
singularity of spatial normal derivative of solutions as (12).

Global strong solution of VPB: As the first step toward comprehensive understanding of
VPB in bounded domains, Kim and collaborators consider a single species VPB with constant
background charge, and the diffuse BC (7) of a constant wall temperature θw ≡ constant. They
consider a so-called insulator boundary condition, which is the zero Neumann boundary condition
for the potential φ: n · E|∂Ω = ∂φ

∂n |∂Ω = 0. In such setting (F,E) = (µ, 0) is a stationary solution.
In [3], together with Yunbai Cao (current Ph.D student of Kim) and Lee, Kim constructs the first
unique global-in-time solution of VPB in smooth convex domains when an initial datum is close to
(µ, 0). They also proves an exponential asymptotic stability of (µ, 0). Hölder continuity of F away
from the grazing set, and C2-bound of φ were also proved in [3].

Their proof is achieved via a novel α-weighted W 1,p estimate, where a new weight is defined as

α̃(t, x, v) ∼ |n(xb(t, x, v)) · vb(t, x, v)|. (25)

Here (xb(t, x, v), vb(t, x, v)) is the point of backward characteristics hitting the boundary and the
backward exit time tb(t, x, v) is the time lapse to hit the boundary along the backward character-
istics starting from (t, x, v). There are two key features of this new weight (25). The first is its
invariance under the Vlasov operator. And the second is that a generic boundary singularity in
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(12) equals an inverse power of α̃ on the boundary. It is important to note that a different weight
α of (13) is not available for the insulator boundary condition in 3D.

They achieve the α̃-weightedW 1,p estimate by energy-type estimate of α̃∇x,vf where α̃-multiplication
compensates the boundary singularity (12). A major difficulty comes from the convection term
∇xφ · ∇vf . In order to bound its spatial derivative it turns out C2

x-bound of φ is absolutely neces-
sary. Unfortunately such a C2

x-bound is a boarder line case of well-known Schauder elliptic regularity
theory when

∫
R3 f
√
µdv in (5) is merely continuous or bounded. In [3] Kim and collaborators over-

come such difficulty by some interpolation argument. First they are able to achieve C2,0+
x -estimate

of φ, which grows exponentially in time, by means of a priori α̃β-weighted Lp-estimate of ∇xf with
p−2
p < β < p−1

p and p > 3, and by Morrey’s inequality:

‖φ‖
C2,0+
x

.

∥∥∥∥∫
R3

f
√
µdv

∥∥∥∥
C0,0+
x

.

∥∥∥∥∫
R3

∇xf
√
µdv

∥∥∥∥
Lpx

. ‖α̃−β‖
L

p
p−1
v

‖α̃β∇xf
√
µ‖Lpx,v ,

as long as

α̃
−β× p

p−1 ∼ 1

α̃(t, x, v)1− ∈ L
1
v uniformly for all x. (26)

A difficulty of the proof of (26) arises form lack of local representation of α̃(t, x, v). It is
only defined as some boundary point along (possibly very complicated) characteristics. Kim and
collaborators employs a geometric change of variables v 7→ (xb(t, x, v), tb(t, x, v)) to exam (26).
By computing the Jacobian they find an extra α̃-factor from dv ∼ α̃

|tb|3
dtbdxb, which cancels the

singularity of (26). Then they carefully derive the upper bound of α̃0+ and lower bound of |tb|3
as functions of xb ∈ ∂Ω, and finally verified (26). On the other hand they derive an exponential
decay of φ in a weaker C1,1−

x -norm from a priori exponential decay of f in L∞. By interpolating
C2,0+ and C1,1−, they derive an exponential decay of φ(t) in C2

x as long as ‖α̃β∇xf(t)‖Lpx,v grows at

most exponentially. With then C2
x-bound of φ in hand, they control ‖α̃β∇xf(t)‖Lpx,v via Gronwall’s

inequality and prove its (at most) exponential growth.
An L∞-bound is proven by L2-L∞ framework. In the crucial estimate of (23) they use the

exponential decay of φ(t) in C2
x crucially to verify

∂Xcl(s; t, x, v)

∂v
∼ −(t− s)Id3×3 +

∫ t

s

∫ t

s′
∇2
xφ(s′′)

∂Xcl(s
′′; t, x, v)

∂v
ds′ds′′ ∼ O(|t− s|)Id3×3. (27)

For the uniqueness and stability of approximating sequence they prove L1-stability. To handle
the convection term ∇xφ · ∇vf they prove ∇vf ∈ L3

xL
1
v. The key observation is that v-derivatives

of the diffuse BC (7) is bounded, which implies no boundary singularity. The equation of ∇vf has
a singular forcing term ∇xf ∼ α̃−β × α̃β∇xf where α̃β∇xf ∈ Lp for p−2

p < β < p−1
p and p > 3.

Finally they control ‖∇xf‖L3
xL

1
v

as ‖α̃−β‖
L

p
p−1
v

‖α̃β∇xf‖Lpx,v . These terms are bounded from (26)

when β ∼ p− 2/p and p ∼ 6.

Further Investigation on VPB: Large data but local-in-time solution of the same setting
with generalized diffuse BC are investigated in [16, 17]. In reality both ions and electrons are moving
and therefore the two species model is more relevant in the physics point of view. Under Kim’s
advise, Yunbai Cao extends the result of [3] to the two-species VPB in [13]. Another interesting
question is to improve the regularity estimate beyond a weighted W 1,p for p < 6 of f in [3]. In [14],
Yunbai Cao can prove a weighted C1-estimate of VPB solution under a favorite sign condition on
n · E|∂Ω. Together with Yunbai Cao, Kim is now working on VPB with the specular BC.
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1.5 Steady Solution

When the dilute gas is contained in bounded domains with a non-constant wall temperature θw,
the steady state is determined by

v · ∇xFs = Q(Fs, Fs), (28)

and the diffuse BC (7). It is well-known that any local Maxwellian cannot be a stationary solution
and therefore its stability analysis marks a drastic departure from relative entropy approach of [24].

Steady Boltzmann solution in Non-Isothermal Boundary: In [6] together with collab-
orators, Kim establishes the well-posedness, non-negativity, and asymptotical dynamic stability of
the steady Boltzmann equation with small oscillating θw ∼ θ0 (θ0 is constant) for general domains.
This work marks the first proof of asymptotic stability of non-equilibrium steady Boltzmann equa-
tion with non-isothermal boundary. Furthermore, using their pointwise estimate, they establishes
a δ − expanion to exam the Fourier law: In the kinetic regime the temperature θs and the heat
flux qs associated to Fs are given by θs(x) = 1

3ρs

∫
v |v − us|

2Fs, qs(x) = 1
2

∫
v(v − us)|v − us|

2Fs,

respectively, where ρs =
∫
v Fs and us = 1

ρs

∫
v vFs. With θw = θ0 + δϑw for |ϑw| ≤ 1, and they

expands µθ0+δϑw = µθ0 + δµ1 + δ2µ2 + · · · , with
∫
µidγ = 0. Then they constructs f1, f2, · · · , fm−1,

and fremainder satisfying fs = δf1 +δ2f2 + · · ·+δm−1fm−1 +δmfremainder, with robust L∞ estimates.
Using this δ−expansion, they find a necessary condition of the Fourier law

qs = −κ(θs)∇xθs, κ is the heat conductivity. (29)

If the Fourier law is valid, then the first correction θ1(x) = 1
3

∫
v |v−u1|2f1 would be a linear function

in slab domain Ω = [−1, 1] ⊂ R. This contradicts to the available numerical evidence of [37]! This
would amount to a significant finding from a physical point of view. (cf. [19])

The main technical advance in [6] is the development of a constructive coercivity estimate in
the presence of the diffuse BC (7)

‖Pf(s)‖L2
x,v

. ‖{I−P}f(s)‖L2
x,v

+ “good terms”. (30)

The key idea is to use the weak formulation (Green’s identity) and choose proper test functions
to control af , bf , cf component of Pf , which is constructed out of the null space of the linearized
collision operator and out of well-chosen solutions to Poisson’s equation on Ω with source terms
tied to Pf and with suitable boundary conditions. The explicit forms of the desired test functions
are

(|v|2 − Ca)
√
µv·∇x∆−1

N af ,

(v2
i − Cb)

√
µ∂j∆

−1
D bf,j , for i, j = 1, · · · , d,

|v|2vivj
√
µ∂j∆

−1
D bf,i, for i 6= j,

(|v|2 − Cc)
√
µv·∇x∆−1

D cf ,

(31)

with properly chosen number Ca, Cb, and Cc. Here ∆−1
D and ∆−1

N stand for the solution of Laplacian
with the Dirichlet and Neumann boundary condition respectively. Such approach of [6] is natural
and robust and therefore this method works for all dimensions.

Regularity of Stationary Boltzmann: With Hongxu Chen (current Ph.D student of Kim),
Kim is working on regularity estimate of stationary Boltzmann with non-isothermal diffuse reflection
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boundary condition (7). The first step is α-weighted C1-estimate, where their main estimate follows∫ t

t−tb(x,v)
α(x− (t− s)v, v)

∫
|u|.1

∇xf(x− (t− s)v, u)duds . ‖f‖∞ + o(1)‖α∇x,vf‖∞. (32)

Along the characteristics∇xf(x−(t−s)v, u) can be bounded mainly by
∫ s
s−tb(x−(t−s)v,u)

∫
|u′|.1∇xf(x−

(t − s)v − (s − s′)u, u′)du′ds′. Their key observation is that, except a small set of s′, change of
variable u 7→ x − (t − s)v − (s − s′)u can convert a velocity integration in u in (32) to the space
integration as∫ t

t−tb(x,v)
α(x− (t− s)v, v)

∫
X∈strict interior of Ω

∫ s

s−tb(x−(t−s)v,u(X))

∫
∇xf(X,u′)du′ds′dXds.

Now they are able to apply the integration by parts in X to remove x-derivative to f while the
new singularity comes from ∇Xtb(x− (t− s)v, u(X)) ∼ 1

α(x−(t−s)v,u(X)) . Hence large parts of (32)

can be bounded by O(1)‖f‖∞. Next they optimize the estimate of tangential derivatives. Now
they are working on C1,α-estimate. Successful completion of this joint work with Hongxu Chen
work mark a complete and optimal resolution on regularity of steady Boltzmann equation since any
W 2,p-estimate is not expected.

With success of previous stages, Hongxu Chen and Kim will study stationary VPB with non-
isothermal perfect conductor boundary. We will apply the integration by parts trick for the regu-
larity estimate. The new difficulty comes from curved characteristics due to the field. We will use
the good sign condition of perfect conductor boundary and the invariance of α̃ under the Vlasov
operator to control curved characteristics. With α̃-weighted C1-norm of f , they will obtain C2,0+-
estimate of φ through the elliptic estimate to (5) which is good enough applying L2-L∞ framework
to obtain L∞-bound of stationary solution of VPB. Then we will follow the argument on [3] to
construct the first stationary unique solution of VPB and prove its stability.

1.6 Hydrodynamic limit

An important and active research direction in mathematical physics/PDE is connecting the behav-
ior of solutions to equations from kinetic theory to solutions of other systems that arise in formal
limits, such as the N-body problem, the Euler equations, the Navier-Stokes equations, etc.

The hydrodynamic limit in which one views the Knudsen number as a small parameter in the
Boltzmann equation has been an important subject of many studies since the pioneering work by
Hilbert [20, 21, 22, 30, 26, 33, 43]. For the dynamic problems such limit has been relatively well un-
derstood in the context of weak solutions, specially the DiPierna-Lions-type renormalized solutions.
Unfortunately stationary Boltzmann equation does not fall under the scope of the DiPerna-Lions
solutions, due, for example, to the fact that L1-estimates are not generally available. On the other
hand, for applications (as in aerodynamics) stationary problems are even more important than
the dynamic problems. In particular, the passage from stationary Boltzmann equation with non-
isothermal boundary to fluid equations is important because basic laws of the heat transfer, for
example the Fourier law, can be examined rigorously.

From Boltzmann to Navier-Stokes: Equipped with constructed solutions in [6], Kim
and collaborators establish a connection between the Boltzmann equation and the incompress-
ible Navier-Stokes-Fourier system (abbr. iNSF) for both stationary problem and dynamic problem
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in [4] through a so-called diffusive scale in (1) with

St = Ma (Mach number) = ε, Kn = Ma/Re = ε, Re (Reynolds number) = 1, (33)

and F = µ + ε
√
µf ε, θw = 1 + εϑw, and E = ε3φ. The perturbation f ε solves a scaled version of

(19). To emphasis a physical relevance let’s write “the fluid part” of f ε as

Pf ε = ρε
√
µ+ uε · v√µ+ ϑε

|v|2 − 3

2

√
µ. (34)

Their first main result in [4] is that for small ε, there is a unique stationary solution to the Boltz-
mann equation whose perturbation f ε away from a global Maxwellian µ has a hydrodynamic part
{ρε, uε, ϑε} that converges weakly to a solution {ρ, u, ϑ} of the stationary iNSF system

u · ∇xu+∇xp = ν∆u+ φ, ∇x · u = 0,

u · ∇xϑ = κ∆ϑ, u|∂Ω = 0, ϑ|∂Ω = ϑw,
(35)

in which the Boussinesq relation ∇(ρ + ϑ) = 0 is verified. A rigorous error estimate between
{ρε, uε, ϑε} and {ρ, u, ϑ} is also established. In their second main result they prove a similar weak-
convergence-to-dynamic-iNSF result for dynamic perturbations of the stationary solutions described
above. In their final result they start with an arbitrary (not-necessarily-small) solution to the iNSF
system and, for small ε, produce a unique solution F ε ≥ 0 to the Boltzmann equation and an
expansion of F ε around a global Maxwellian in powers of ε in which the main perturbation terms
correspond to the iNSF solution and with an expansion remainder that is shown to be uniformly
small on any compact time interval of existence for the iNSF solution.

The major difficulty is due to the singular factor ε−1 in the rescaled Boltzmann equation. In
[4], Kim and collaborators obtain estimates that are independent of ε as ε ↓ 0. For the sake of
simplicity let us consider a simplified scaled equation for f ε in T3 × R3

ε−1v · ∇xf ε + ε−2Lf ε = ε−1Γ(f ε, fε). (36)

with
∫
T3

∫
R3 f(1, v, |v|

2−3
2 )
√
µdvdx = 0 where T3 is a periodic box in 3D. Based on a standard

(degenerate) non-negativity of L, one can obtain

ε−1‖(I−P)f ε‖L2 . 1, (37)

as long as
∫∫

ε−1Γ(f ε, fε)f ε . 1 can be achieved. From PΓ ≡ 0 (a consequence of the collisional
invariants) and a strong a priori bound of (I−P)f ε, the most singular term turns out to be

‖Γ(Pf ε,Pf ε)‖L2 . 1. (38)

Since Γ is a quadratic nonlinear operator a desired estimate is Pf ε ∈ Lp for p ≥ 4 at least.
The crux of the work in [4] is a new L6 integrability gain of fluid part Pf : If

v · ∇xf = g in T3 × R3,

and
∫

Ω

∫
R3 f(1, v, |v|

2−3
2 )
√
µdvdx = 0 then

‖Pf‖L6 . ‖g‖L2 + ‖(I−P)f‖L6 . (39)
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On the other hand, from the steady Lp–L∞ framework estimate with the scaled Boltzmann equation
(36) which was developed in [6] by Kim and collaborators, they can derive

‖f ε‖L∞ . ε−3/p‖f ε‖Lp . (40)

Combining with a strong bound of (37), they have ‖(I − P)f ε‖L6 ≤ [ε1/2‖f ε‖∞]2/3[ε−1‖(I −
P)f ε‖L2 ]1/3 and ε1/2‖f ε‖L∞ . ‖f ε‖L6 , which are good enough to conclude (38)!

The L6 integrability gain of fluid part Pf represents a surprisingly significant gain in integra-
bility of velocity mixing compared to the H1/2 ↪→ L3 bound provided by the well-known velocity
averaging lemma in [25, 30] which is a crucial factor in several classical works in kinetic theory. The
proof of their L6 estimate is based on an intricate series of energy identities, where the multiplier
functions are constructed as (31) in [6].

2 Fluid Free Boundary Problems

The free interface problems between two fluids arise naturally in many applications in fluid me-
chanics. From a mathematical viewpoint, these type of free boundary problems are challenging due
to strong coupling between the PDE in the bulk and the surface motion of unknown boundary.

Two phase problem of Navier-Stokes: In [15] together with collaborators, Kim considers
the free boundary problem for two distinct, immiscible, viscous, incompressible fluids with grav-
itation and without surface tension within Ω = T2 × (−1, 1). The ‘upper’ fluid Ω+(t) and the
‘lower’ fluid Ω−(t) are divided by the moving interface Γ(t). The equations for (u±, p±) are the
incompressible Navier-Stokes equations

ρ±∂tu± + ρ±u± · ∇u± +∇p± = µ±∆u± − gρ±e3, divu± = 0 in Ω±(t), (41)

where ρ± and µ± are constant densities and viscosities for each fluids. The boundary Γ(t) changes
in time and its outward normal direction n is related to (u±, p±) through

(p+I − µ+D(u+))n = (p−I − µ−D(u−))n on Γ(t), (42)

where D(u)ij =
(
∂ui
∂xj

+
∂uj
∂xi

)
stands for the stress tensor. Assume that the unknown interface Γ(t)

is parametrized as a graph with the height function η : [0, T ]× T2 → R and satisfies the kinematic
boundary condition ∂tη = u3−u1∂1η−u2∂2η on Γ(t). In [15], they establish the dynamical stability
of flat interface steady states solutions

u± = 0, p± = −gρ±x3 + constant, η = 0, (43)

when the lower fluid is heavier than the upper fluid (ρ+ < ρ−). The crux of their method is to
use higher order energy norms containing a high number of space-time derivatives of (u±, p±, η).
The main difficulty is to establish the elliptic estimates for a stationary two-phase Stokes problem.
They need to use the boundary condition (42) in a rather intricate way. Then they generalize the
two-tier energy method in [28] to solve such a two phase problem.

Surfactant Dynamics on the Interface: In [12] together with a collaborator, Kim studies
a viscous, incompressible fluid evolving under the air and some material (surfactant) flows on the
surface. The fluid satisfies the incompressible Navier-Stokes equation as (41). On the surface
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(y3 = η(t, y1, y2)), the surfactant is convected along the fluid on the surface and diffusing on the
surface as well while the density of surfactant affects on the surface tension:

(pI − µD(u))n = gηn− (σHn+∇Σσ(c)),

∂tc+ ū · ∇∗c+ c divΣū = ∆Σc,

where c is the density of the surfactant and H is the mean curvature of η and σ is surface tension
and ū = u ◦ η. Here, ∂Σ is the surface gradient and ∆Σ is the Laplace-Beltrami operator and ∇∗
is the horizontal gradient. The surfactant c causes main difficulty since the energy structure for
c is not clear due to ∇Σσ(c). In [12] they introduce a function ξ satisfying ξ(y) − yξ′(y) = σ(y)
to complete the energy estimate in the physical domain. The key difficulty lies in their nonlinear
part. Due to c dependence in the surface tension, trilinear and higher terms appear.
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